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Introduction

The interface between a solid electrode and a liquid electrolyte is a complicated multicomponent
system, in which the ions and conduction electrons of the electrode interact with solvent molecules
and solute ions. A complete description includes diverse eﬀects, such as electrostatic, elastic, and
hydrodynamic interactions. In order to create a comprehensible representation of the processes
that take place in the interfacial region, substantial simpliﬁcations are needed. The lattice gas
model is one such simpliﬁed representation which has proven particularly successful in describing
both equilibrium and dynamic phenomena associated with the chemisorption of ions and small
molecules. In this approximation, the adsorbates are considered to exist on the surface only at the
sites of a two-dimensional lattice, which is derived from the three-dimensional lattice structure of
the electrode material. Also, the eﬀects of solute ions, crystal phonons, etc, are used to obtain
average interactions between the adsorbate particles.
For example, the four-fold hollow sites on an unreconstructed (100) surface of
√ a face-centered
cubic (fcc) metal, such as silver, form a square lattice with lattice constant 1/ 2 times that of
the bulk metal lattice. Figure 1 shows the results of a simulation of a single Br− ion diﬀusing
in a two-dimensional potential that models the Ag(100) surface. Although the adsorbed ion can
in principle be anywhere on the surface, it is almost always found near the middle of a four-fold
hollow site. The assumption that the adsorbate particles are located at speciﬁc adsorption sites is
evidently reasonable for this electrochemical system and is also satisfactory for many other systems.
Once this simpliﬁed representation of the substrate is formulated, quantities such as adsorbate
coverages, interfacial capacitances, and voltammetric currents can be calculated using a host of
exact results and numerical methods from statistical mechanics. The topic of this article is the
application of such statistical-mechanical methods to single- and multi-adsorbate chemisorbed
systems to obtain experimentally relevant information.
∗
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Figure 1: Single-particle trajectory for a model of a Br adsorbate particle diﬀusing at room temperature
in a sinusoidal corrugation potential due to the Ag(100) substrate. The energy diﬀerence between
the bridge site and the four-fold hollow site is 100 meV, and the trajectory is generated at room
temperature with a Langevin simulation including thermal noise. The gray-scale represents the surface
potential of the Ag(100) surface, with the lightest values corresponding to the weakest binding energies.
The trajectory of the Br ion is shown as a solid curve. The particle is seen to be well localized in the
potential minima at the four-fold hollow sites, indicating that a lattice-gas treatment of the adlayer is
appropriate for both equilibrium and dynamical properties.

The remainder of this article is organized as follows. Section 2 introduces the basics of lattice-gas
modeling in the form of a simple single-species model. Diﬀerent methods of solution are presented
in Sec. 3: exact solutions in Sec. 3.1, the concept of universality in Sec. 3.2, mean-ﬁeld methods
in Sec. 3.3, numerical transfer-matrix methods in Sec. 3.4, and equilibrium and dynamic Monte
Carlo simulations in Sec. 3.5. Two illustrative examples are presented in Sec. 4: the electrochemical
adsorption of Br on Ag(100) in Sec. 4.1 and the underpotential deposition of Cu with sulfate on
Au(111) in Sec. 4.2. A brief summary and conclusions are given in Sec. 5.

2

Basics and Some History

In its simplest form, the lattice-gas model describes one layer of a single species of adsorbate
particles on a particular lattice of adsorption sites. The local occupation variable at the i-th site is
ci , which takes the value 1 if the site is occupied and 0 if it is empty. The free energy of the model
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is deﬁned by the eﬀective Hamiltonian,
HLG (c) = −φ



ci cj − µ̄



ci

(1)

i

i,j

Here c = {ci } is the set of local occupation variables corresponding to a particular conﬁguration
of adsorbed particles, φ is the interaction energy between adparticles on neighboring sites, and


µ̄ is the electrochemical potential. The sums i,j and i run over all nearest-neighbor pairs
and all lattice sites, respectively. The sign conventions used are such that φ > 0 corresponds to
attractive interactions, and µ̄ > 0 favors adsorption. In general, lattice-gas Hamiltonians are more
complicated than Eq. (1): the example in Sec. 4.2 includes long-range and three-body interactions.
In the weak-solution approximation, the electrochemical potential is related to the electrode
potential E by
C
µ = µ0 + kB T ln
− γeE
(2)
C0
where kB is Boltzmann’s constant, T is the absolute temperature, e is the elementary charge unit,
γ is the electrosorption valency, C is the concentration of the adsorbate in solution, C0 is an
arbitrary reference concentration, and µ0 is the chemical potential at the reference concentration.
The extensive variable conjugate to µ̄ is the coverage,
Θ = N −1



ci

(3)

i

where N is the total number of adsorption sites on the surface.
Models similar to Eq. (1) have been used to represent speciﬁc adsorption in vacuum-phase
surface science, at least since the term “lattice-gas model” was coined by Yang and Lee [1–3]. They
pointed out in 1952 that Eq. (1) is equivalent to the two-dimensional Ising model of magnetic
phase transitions, ﬁrst solved exactly by Onsager on a square lattice in 1944 [4]. Many more recent
examples of applications in vacuum-phase surface science can be found in Ref. [5]. Early applications
of lattice-gas models to electrochemical problems were works by Rikvold and collaborators on twocomponent adsorption at electrode/electrolyte interfaces [6], including poisoning [7] and enhanced
adsorption [8], and the derivation of the lattice-gas Hamiltonian for adsorption from a ﬂuid onto a
surface with a lattice of “sticky” adsorption sites by Huckaby and Blum [9]. Some of these early
developments have been reviewed by Blum [10] and Rikvold [11].

3

Methods of Solution

Determination of the equilibrium properties of a statistical-mechanical system such as a lattice gas
involves the partition function,

exp [−H(c)/kB T ]
(4)
Z=
c



where c runs over all possible conﬁgurations of the adsorbates. Once the partition function is
speciﬁed, the probability of the conﬁguration c is given as P(c) = Z −1 exp [−H(c)/kB T ]. Then, the
equilibrium expectation value of a physical quantity X(c) can be found from
X = Z −1


c

X(c) exp [−H(c)/kB T ]

(5)

The exponential function in these expressions is commonly called a Boltzmann factor. From
Eq. (5) one sees that quantities X(c) that occur linearly in the Hamiltonian can be obtained
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by diﬀerentiation. For example, using the speciﬁc Hamiltonian (1), one ﬁnds that the coverage is
Θ=

kB T ∂ ln Z
N ∂ µ̄

(6)

while higher-order derivatives, such as ∂Θ/∂ µ̄, are found by repeated diﬀerentiation.
By ignoring many of the degrees of freedom in actual electrochemical adsorption, lattice-gas
models use an “eﬀective” Hamiltonian with a particularly convenient form for the partition function.
The result is that there are exact solutions for a number of simple models in thermodynamic
equilibrium and excellent numerical solutions for others. There are also a large number of theoretical
and computational methods that can be used to attack more complicated systems, both in and out
of equilibrium.

3.1

Exact solutions

The ﬁrst and most famous of the exact solutions is Onsager’s solution for the equilibrium properties
of Eq. (1) on a square lattice for attractive interactions at the special electrochemical potential µ̄∗ =
−2φ, where surface regions of high and low coverage coexist [4]. A particularly noteworthy feature
of this exact solution is that the coexistence line, µ̄ = µ̄∗ , which corresponds to a discontinuous
(also known as ﬁrst-order) phase transition between the high-coverage and low-coverage
phases

√ 
in the µ̄-T plane, ends at a critical point at the critical temperature Tc = φ/ 2kB ln(1 + 2) .
At this point the coverages in the high- and low-coverage phases become equal, and a continuous
(or second-order) phase transition occurs. Onsager’s solution also applies to the case of repulsive
interactions for µ̄ = µ̄∗ . Only for the attractive case, however, are the coverages in the highand low-coverage regions known exactly, and then only at µ̄∗ [1]. The features of ﬁrst-order and
second-order phase transitions carry over from this exactly solvable model to more complicated
ones, where they describe a host of interesting phenomena in surface science and electrochemistry.
An important variation of Eq. (1), obtained by letting the nearest-neighbor interactions become
inﬁnitely repulsive (φ → −∞) on a triangular lattice, is known as the hard-hexagon model. It was
solved exactly by Baxter [12–13]. If the same inﬁnitely strong repulsions are used on a square
lattice, one obtains the hard-square model, which has not been solved exactly. However, very
accurate numerical solutions are known [14–16]. The hard-square and hard-hexagon models are
relevant for speciﬁc electrochemical systems in which the adsorbates are larger than the distance
between adsorption sites. Examples will be discussed in Secs. 4.1 and 4.2, respectively.
As one might expect, even models of quite simple electrochemical systems quickly become too
complicated to allow exact solutions. Luckily, several methods and principles, both theoretical and
numerical, can be used to obtain detailed information in these cases as well.

3.2

Universality

An idea that makes individual lattice-gas models useful for many electrochemical systems is the
concept of universality. This is a powerful tool for the study of phase transitions, as it states
that important quantities that describe a system in the critical region only depend on very general
features, such as symmetry and spatial dimensionality (which is two for submonolayer adsorbate
systems) [17]. For example, in the two-dimensional Ising universality class the diﬀerence in coverage
between the high-coverage and low-coverage phases at coexistence can be expressed as
∆Θ(µ̄∗ , T ) ∼ (Tc − T )β for T < Tc

4

(7)

with the critical exponent β = 1/8. Similarly,


dΘ 
∼ (Tc − T )γ
dT µ̄=µ̄∗

(8)

with the critical exponent γ = 7/4. These values of the critical exponents are shared by all systems
in this universality class, whether or not they are exactly solvable. An explicit example of an
electrochemical adsorption system in the Ising universality class is given in Sec. 4.1. On the other
hand, the critical exponents are diﬀerent for systems that belong to other universality classes, and
carefully measured critical exponents can be used to assign a particular system to its appropriate
universality class.

3.3

Mean-field methods

One class of theoretical methods that have long been used in electrochemistry is the mean-ﬁeld
solution. The rate-equation methods traditionally used to explore time-dependent phenomena
in electrochemistry also belong to the class of mean-ﬁeld models. In these methods the local
structure of the adsorbate is replaced by an average over the whole system [3], with the result that
rough estimates of equilibrium properties may be obtained, but important ﬂuctuations in the local
adsorbate conﬁguration are ignored or seriously underestimated. This is especially important in
electrochemistry since ﬂuctuations are more important in two dimensions than in three dimensions.
A typical example is the Frumkin adsorption isotherm [18]. More sophisticated mean-ﬁeld methods
make better estimates of ﬂuctuations by considering exactly local clusters of adsorbate particles,
which are then immersed in a background of the average system properties. At the cost of a rather
high level of complication, such cluster-variation methods can obtain quite good accuracy away
from critical points. However, mean-ﬁeld methods have the serious ﬂaw that they do not obtain
the correct critical exponents, where ﬂuctuations on inﬁnitely large length scales are important.
For example, the mean-ﬁeld value of β is 1/2, and that of γ is unity, even if the approximation is
applied to a system in, say, the Ising universality class.

3.4

Numerical transfer-matrix calculations

The numerical transfer-matrix method provides a way to obtain the partition function with
arbitrary numerical precision for ﬁnite subsystems of lattice-gas models with interactions of
moderate range [19]. These calculations consider a strip-shaped system that is inﬁnitely long
along one axis but of ﬁnite width along the other. The Hamiltonian is then rewritten as
a sum of contributions from individual “slices” in the ﬁnite, longitudinal direction: H(c) =
∞
m=1 Hm (cm , cm+1 ), where cm is the conﬁguration of the m-th slice. It can then be shown that
the partition function for one slice of this strip-shaped system equals the largest eigenvalue of the
transfer matrix , which is deﬁned by its matrix elements,
Tcm ,cm+1 = exp [−Hm (cm , cm+1 )/kB T ]

(9)

Away from phase transitions, excellent numerical results can usually be obtained with quite narrow
strips, on the order of ten sites wide. Near phase transitions one can calculate for a number of
diﬀerent strip widths, and analyze the combined results using the theory of ﬁnite-size scaling [20].
The main drawback of the transfer-matrix method for applications to realistic models is that
it is limited to relatively short-range interactions of no more than two or three lattice constants.
Nevertheless, it has been used successfully in modeling two-component adsorption in electrochemical
systems [6–8].
5

3.5

Monte Carlo simulations

Monte Carlo methods enable one to treat much larger systems and much longer interaction ranges
than transfer-matrix techniques. By considering the microscopic ﬂuctuations of the adsorbate
conﬁgurations, Monte Carlo methods are also much more accurate than even quite sophisticated
mean-ﬁeld approximations, especially for two-dimensional systems in which ﬂuctuations are particularly important [21]. Additionally, they provide a means to study both equilibrium and time
dependent phenomena. The treatment here will be rather brief. Further details can be found in a
recent introductory article on Monte Carlo methods in interfacial electrochemistry [22], and general
discussions are available in textbooks [23–24] and large tutorial articles [25–26].
3.5.1

Equilibrium Monte Carlo

In equilibrium Monte Carlo simulations, a numerical approximation to Eq. (5) is calculated directly
for the expectation value of a physical quantity X(c). This can be eﬃciently accomplished
by sampling more frequently from energetically favorable conﬁgurations. This method, called
importance sampling, is usually performed by using the Boltzmann factor for a particular state
to determine the sampling probability of that state. This is often implemented using the principle
of detailed balance, which states that in equilibrium the rate of transitions from conﬁguration c
to conﬁguration c equals the rate of transitions from c to c. Usually the transitions involve
small changes, say between conﬁgurations identical except for one adsorption site. If P(c) =
Z −1 exp [−H(c)/kB T ] is the equilibrium probability of conﬁguration c, and R(c → c ) is the
probability of going from c to c in a given time interval, given that the conﬁguration is c at
the beginning of the interval, then the total transition rate is P(c)R(c → c ). Detailed balance
implies that
R(c → c)
P(c)
=
(10)

P(c )
R(c → c )
To sample conﬁgurations with the importance-sampling weights equal to the equilibrium probabilities, the transition rates therefore must obey the relation


H(c) − H(c )
R(c → c)
=
exp
−
R(c → c )
kB T



(11)

Two popular transition rates which both satisfy Eq. (11) are the Metropolis algorithm [27],






H(c ) − H(c)
,1
R(c → c ) = ν min exp −
kB T


(12)

and the Glauber algorithm [28],
R(c → c ) = ν

1
1 + exp [(H(c ) − H(c)) /kB T ]

(13)

In both cases ν is an arbitrary attempt rate.
When more than two conﬁgurations are possible for the portion of the surface that is being
updated (more than one lattice site may be involved), a generalization of the Glauber algorithm,
called the heat-bath algorithm, is often used. For each move in this algorithm, the Boltzmann
factor for each possible new conﬁguration (one of which is the current one) is calculated, and these
weights are used to choose the next conﬁguration. More complicated scenarios are discussed in
Refs. [22–26].
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3.5.2

Dynamic Monte Carlo

When Monte Carlo simulation is used in the way described above to measure equilibrium averages
of physical quantities, the algorithms used often bear no particular relationship to time-dependent
phenomena in the system. However, Monte Carlo simulation can also be used in a diﬀerent way,
in which each attempted Monte Carlo update is viewed as a time step in a “movie” of the time
evolution of the system. Several such movies can be found at the authors’ Web site [29]. In
order for such movies to correspond to the physical dynamics, it must be possible to consider
the time evolution as a stochastic Markov process on the time scale of interest. This is the case
when the dynamics are dominated by thermally activated processes such as adsorption, desorption,
and lateral diﬀusion, with the transition rates for the diﬀerent processes given by Arrhenius rates
involving free-energy barriers between the lattice-gas states connected by the transitions.
During the Markov process, the initial and ﬁnal lattice-gas states c and c should diﬀer
by application of only one microscopic move corresponding to microscopic processes such as
adsorption/desorption, lateral diﬀusion, or a chemical reaction. If the free energies of c and c
are U and U  , respectively, then a simple Butler-Volmer approximation [30] with symmetry factor
1/2 yields the energy of the transition state at the top of the barrier (which cannot be represented
as a lattice-gas state) [22] as
(14)
UT = ∆ + (U + U  )/2
Here ∆, the “bare” barrier height for the transition, is a parameter which must be obtained from
ﬁrst principles or by comparing the rates obtained from the dynamic Monte Carlo simulation with
experiments. When diﬀerent transition processes are allowed, each has its own speciﬁc bare barrier.
Among the simplest transition rates that can be used in a dynamic Monte Carlo simulation is the
one-step Arrhenius rate [22, 31–32]






∆
U − U
exp −
R(c → c ) = ν exp −
kB T
2kB T




(15)

where the attempt rate ν is typically on the order of a phonon frequency, 109 –1013 Hz. Another
useful choice is the transition dynamics algorithm [33], which is simply the product of the Glauber
rates from c to the transition state and from the transition state to c . Both of these expressions
of the rates are identical in the limit of large ∆ where a lattice-gas model is best justiﬁed.
The simplest way to implement the dynamic Monte Carlo method is to choose a lattice site at
random, and then use the transition rates to all possible new states (including the present one0 as
one of the ﬁnal possibilities to preserve detailed balance), and then choose the next state according
to the respective weights in a way similar to the heat-bath algorithm mentioned in Sec. 3.5.1 above.
In many applications, this direct implementation is a useful method. However, as discussed below,
this rejection implementation can be very ineﬃcient when “transitions” back to the present state
dominate.
In many cases of experimental interest, the transition probabilities obtained with realistic
transition barriers and attempt frequencies are very low, so that a direct implementation of
the dynamic Monte Carlo algorithm would be impossibly slow. However, the task can often be
accomplished in an acceptable time, without changing the details of the dynamics, by using a class
of algorithms known as rejection-free algorithms. The underlying idea has been reinvented many
times [34–35], and among the best known early examples are “the n-fold way” algorithm for the
Ising model by Bortz, Kalos, and Lebowitz [36] and Gilmer’s rejection-free algorithm for crystal
growth [37]. The idea behind these algorithms is fairly simple. At each point in time, only certain
transitions from the current state are allowed, and each of these transition processes represents a
Poisson process [34] with a particular rate. Additionally, each of these processes is independent from
7

the others until after any one of them has occurred and changed the conﬁguration of the system.
Thus, during the time interval between successive changes to the conﬁguration, the total process is
a superposition of independent Poisson processes, which is itself a Poisson process with rate, Rc .
This rate is simply given by the sum of the rates of the individual transitions (excluding the rate
of the “transition” back to the current state). The time until the next successful transition occurs
is exponentially distributed with rate Rc . The time interval until the next change occurs is chosen
randomly from this distribution, and the time is updated accordingly. Which of the transitions
actually occurred is then selected randomly from the weighted list of their respective rates. This
rejection-free method gives identical results to the rejection method described in the previous
paragraph, and in cases where the individual transition rates are small, the resulting speedup
can be many orders of magnitude compared to the direct implementation. This rejection-free
implementation can also be applied to equilibrium simulations to improve computational eﬃciency.
Other examples of additional speedup from better algorithms, such as MCAMC [38] and Projected
Dynamics [39], also exist.

4
4.1

Two Specific Examples
Bromine electrosorption on Ag(100)

One of the simplest lattice-gas systems studied in electrochemistry in recent years is a model of
submonolayer electrosorption of bromine on single-crystal (100) surfaces of silver. In situ surface Xray scattering (SXS) experiments by Ocko, Wang, and Wandlowski [40–42] detected a second-order
phase transition in the two-dimensional Ising universality class between a disordered low-coverage
phase for more negative electrode potentials, and a doubly degenerate ordered phase with Θ = 1/2
and c(2 × 2) symmetry at more positive potentials. Moreover, the results indicated that Br adsorbs
at the four-fold hollow sites on the Ag(100) surface. In this section, we brieﬂy discuss a simple
lattice-gas model for this system. A complete discussion can be found in the literature [22, 43–46].
Figure 1 shows the trajectory of a Br ion diﬀusing in the corrugation potential of the Ag(100)
surface, which demonstrates that the particles are largely conﬁned near the adsorption sites
represented by the potential minima at the four-fold hollow sites. The corresponding lattice-gas
model consists of an L × L square array of adsorption sites. The interactions between Br ions
within the adlayer are a combination of a short-range excluded-volume interaction and a long-range
repulsive interaction which falls oﬀ with the third power of the particle separation. The excludedvolume interaction, which is caused by the large ionic radius of Br− , gives rise to the c(2 × 2)
symmetry. The long-range interaction is motivated by a combination of electrostatic dipole-dipole
interactions due to the separation of charge between the adsorbate particles and the surface, and
elastic interactions mediated through the silver lattice. The single-adsorbate Hamiltonian of Eq. (1)

is extended by allowing the sum i,j to run over all pairs on the lattice with the interactions
φ(r) =



 −∞



23/2 φnnn
r3

0

r=1
√
2≤r≤5
r>5

(16)

where r is the separation between a pair of adsorbed particles in units of the Ag(100)
lattice spacing
√
and φnnn is the interaction energy at the next-nearest-neighbor distance (r = 2) in units of meV.
The long-range 1/r 3 repulsion is truncated, both for computational eﬃciency and as an eﬀective
cut-oﬀ mimicking electrostatic screening. Monte Carlo simulations, as discussed in Secs. 3.5.1 and
3.5.2, were performed at room temperature to examine both the equilibrium and dynamic properties
of the system.
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Figure 2: Equilibrium isotherm for Br electrodeposition onto Ag(100) ﬁt to experiment. The Monte
Carlo coverage isotherm for L = 32 is ﬁt simultaneously to experimental data at three diﬀerent
Br concentrations, yielding φnnn = −26 meV [45]. The experimental data are from Ref. [41]. The
insets show typical adsorbate conﬁgurations in the disordered phase (left) and the c(2 × 2) ordered
phase (right). The two shades of gray indicate Br on each of the two degenerate c(2 × 2) sublattices,
respectively.

The shape of the equilibrium isotherm is quite sensitive to the value of φnnn , and by varying
this parameter only, a very reasonable ﬁt to the experimental data can be obtained, as shown
in Fig. 2 [43–45]. The agreement with experiment is quite remarkable, considering the simplicity
of the model. The left and right insets in Fig. 2 show typical adsorbate conﬁgurations in the
disordered and c(2 × 2) ordered phases, respectively. The lattice-gas model also reproduces the
Ising universality class of the experimentally observed second-order phase transition [40, 43, 45].
If the system is driven out of equilibrium by varying the electrode potential back and forth
linearly in time, as in a cyclic-voltammetry (CV) experiment, a phase lag between the time
dependent electrochemical potential and the response of the adlayer is observed. This phase lag is
an example of hysteresis [46]. By dynamically simulating the response of the adlayer as described
in Sec. 3.5.2, this hysteresis behavior can be studied. Figure 3 shows the dynamically simulated
response of the coverage Θ(t) as a function of µ̄(t) for various potential-sweep rates, ρ. The
derivative of this curve with respect to µ̄ is proportional to the voltammetric current (see Sec. 4.2
below). As ρ → 0, the response approaches the equilibrium isotherm, ρ = 0. No simple form for
the approach was observed [45].
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Figure 3: Simulated time-dependent coverage Θ(t) vs. µ̄(t) for various potential-sweep rates ρ,
corresponding to a simulated chronocoulometry experiment. For comparison, the equilibrium isotherm
is also shown, corresponding to ρ = 0. The free-energy barriers used are 100 meV for nearest-neighbor
diﬀusion, 200 meV for next-nearest-neighbor diﬀusion, and 300 meV for adsorption/desorption [45].

4.2

Underpotential deposition of Cu with sulfate on Au(111)

Many interesting systems involve the cooperative, or competitive, chemisorption of two diﬀerent
species onto the substrate surface. A general description labels the species A and B and uses an
B
occupation variable for each species at site i, cA
i and ci , respectively. Simultaneous adsorption of
both species at the same site is forbidden [47]. Using this notation, the lattice-gas Hamiltonian for
a two-component system can be written as a generalization of Eq. (1) [6]:
H (c) = −


n

−µ̄A




(n)
(n)
(n) 




(n)
(n)
A
B
B
B A 
Φ(n)
cA
cB
cA
i cj + ΦBB
i cj + ΦAB
i cj + ci cj
AA


i

ij

B
cA
i − µ̄


i

ij

ij

cB
i − H3

(n)

(17)
(n)

where i,j runs over all pairs of nth neighbors. The interactions ΦXY depend both on the distance
between sites [represented by the superscript (n)], and on the adsorbed species, represented by the
superscripts X and Y, each of which can be either A or B. It is also possible to consider higherorder interactions such as three-body interactions [48], represented here by H3 , which may involve
combinations of A and B. The total conﬁguration of the system, c, depends on the conﬁgurations
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Figure 4: Ground-state diagram for the lattice-gas model of Cu and sulfate coadsorption onto Au(111).
The solid lines represent zero-temperature phase boundaries, while the dashed line is the isotherm
associated with the CV’s presented in Fig. 5. The ground states of the main phases are illustrated.
Empty adsorption sites are shown as ◦, adsorbed Cu is shown as •, and adsorbed sulfate is shown as
.

of both A and B particles, cA and cB . For each species X there is an electrochemical potential, µX ,
related to the electrode potential by the generalization of Eq. (2),
µ̄X = µ̄X
0 + kB T ln

CX
− γ X eE
C0X

(18)

where γ X and C X are the electrosorption valency and the concentration associated with X, respectively. Charting the equilibrium conﬁguration of a binary adsorbate at a particular temperature,
normally room temperature, requires a two-dimensional diagram with µ̄A and µ̄B -axes. In this
diagram, isotherms associated with particular values of C A and C B correspond to straight lines
with slope γ A /γ B .
The phase diagram at zero temperature is of special interest since the entropic contributions
vanish and the equilibrium phase at a point (µ̄A , µ̄B ) corresponds to the conﬁguration that
minimizes Eq. (17). In principle, this ground-state diagram can be calculated analytically by ﬁnding
the transition lines between all of the possible phases, but in practice, it is usually easier to ﬁnd
the minimal H(c) for each point on a grid in the (µ̄A ,µ̄B ) plane.
The ground-state diagram for a model of Cu and sulfate adsorption on a single-crystal Au(111)
surface is shown in Fig. 4. Here adsorption occurs at sites that form a triangular lattice [49], and the
present model results from a series of reﬁnements on earlier models [22, 50–52]. These reﬁnements
have been added to bring new observations of ﬁnite-temperature simulations and experimental
results into agreement. The present model is described by a set of two-site interactions (in
(1)
(2)
(1)
(1)
(2)
(3)
(4)
meV) ΦCC =−18.6, ΦCC =+37.3, ΦSC =+31.1, ΦSS =−∞, ΦSS =+31.1, ΦSS =−18.6, and ΦSS =+20.7
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(2)

(1)

and two three-body interactions, ΦSSS =−20.7 and ΦSCC =+10.4. This large set of interactions is
necessary to remove experimentally unobserved phases from the ground-state diagram.
Experimental CVs of Cu and sulfate containing electrolytes at a Au(111) electrode show two
sharp peaks, corresponding to ﬁrst-order [53–54] phase transitions. The transition at the most
negative electrode potential separates a monolayer (ML) of copper and an ordered phase composed
of 2/3 ML copper and 1/3 ML sulfate. The transition at the more positive potential separates the
ordered phase from a disordered low-coverage phase. Since this system has two adsorbates, the
total charge transfer is given by


q = −e γ A ΘA + γ B ΘB
(19)
and the voltammetric current at inﬁnitesimally slow potential-scan rates, sometimes called a quasiequilibrium CV, can be shown to be [52]
i=e M
2



γ

A

2 ∂Θ
A

∂ µ̄A

A B ∂ΘB

+ 2γ γ

∂ µ̄A



+ γ

B

2 ∂Θ  dE
B

∂ µ̄B

(20)

dt

where M is the total number of adsorption sites per unit area. The quasi-equilibrium CV with a
potential-scan rate of 1 mV/s for the isotherm shown as the dashed line in Fig. 4, is calculated
using Eq. (20) and equilibrium Monte Carlo results for a 60 × 60 lattice. This quasi-equilibrium
CV is shown as the dashed curve in Fig. 5. To see shifting of current peaks due to hysteresis at

100

2

j (µA/cm )

50

0

−50

−100

0

100

200

300

E (mV vs. Ag/AgCl)

Figure 5: Simulated CV’s, with scan rate 10 mV/s, for Cu and sulfate coadsorption on Au(111). The
dashed curve is the quasi-equilibrium result using Eq. (20) and equilibrium Monte Carlo results for a
60 × 60 lattice. The solid curve is the result for dynamic Monte-Carlo simulation using Eq. (15). It
shows the strong hysteresis associated with typical scan rates.
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non-zero potential-scan rates, dynamic Monte Carlo simulations, as discussed in Sec. 3.5.2, must
be performed. The results of such dynamic simulations are shown by the solid curve in Fig. 5.
S
These results are for diﬀusion barriers ∆C
dif =∆dif =363 meV and adsorption/desorption barriers
C
S
∆ads =518 meV and ∆ads =570 meV. A random site potential, Gaussian distributed with mean zero
and standard deviation 3 meV, was included to facillitate nucleation of new phases. It is also
possible to use dynamic Monte Carlo methods to simulate [55] potential step experiments, such as
those conducted by Hölzle, et al. [56].

5

Conclusion

Lattice-gas models are an important tool for understanding the details of electrochemical adsorption
that depend on the speciﬁc conﬁguration of the adsorbate. For some cases exact analytic results
are available, while numerical techniques can always be used, although with varying diﬃculty.
Numerical transfer-matrix and Monte Carlo techniques yield accurate results arbitrarily close to
phase transitions, where large ﬂuctuations are an important part of the science. Furthermore,
Monte Carlo simulations can be used to study both equilibrium and dynamic properties of many
models. Finally, the concept of universality near phase transitions can be used to group diverse
theoretical models and experimental systems into large universality classes, with the members of
each class having the same thermodynamic behavior in the critical region.
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