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Stochastic Model for the Dynamics of a Spin-Oscillator Coupled System
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We construct a stochastic model for the dynamics of a one-dimensional system consisting
of bilinearly coupled harmonic oscillators and spins. The spin dynamics is defined as a
Glauber model where the spins are effectively coupled through their interaction with the
oscillators. To maintain internal thermal equilibrium in the composite system, which
do~s not exhibit Onsager symmetry, we introduce a phenomenological retarded friction
in ihe oscillator equation of motion and relate it to the spin correlation function through
a f1uctuatiori~dissipation theorem. The oscillator susceptibility is derived and the be
havior of its poles as functions of wavevector and temperature is studied. The results are
compared to those obtained by other authors who have studied similar systems, using
irreversible thermodynamics. In contrast to ours, these treatments do not give an explicit
result for the wavevector dependence of the poles.

The first two terms describe non-interacting phonons
with zero spatial dispersion. The last term describes
the spin-phonon coupling.

metry in the sense that the spin motion influences.
but is not influenced by the oscillator motion, the
solutions agree well with those predicted by irrever
sible thermodynamics [1-3].

(I)

(2)

Model System

The model system consists of a long linear chain of
independent harmonic oscillators of fundamental fre
quency Wo and mass rn, coupled to a chain of inde
pendent Ising spins. The Hamiltonian is

H =..J- 2, Jf +! mw~L X ~ - 2,1(/-J) SjX I'
~rn 1 I ~I

or in reciprocal space [1-3].

H=L{-21 P(q)P(-q)+!m(J)~X(q)X(-q)
q III

-1(q) S(q) X( -q)}.
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Introduction

Several physical systems capable of undergoing struc
tural phase transitions are adequately described as
consisting of discrete two-state variables, or pseudo
spins, linearly coupled to harmonic oscillators.
Previously several authors have investigated the dy
namics of such systems, using phenomenological ir
reversible thermodynamics [1-4]. This method only
yields the deterministic time evolution of the con
tinuous expectation values of the spin- and oscillator
coordinates. It would therefore be desirable to con
struct a theory for the underlying stochastic, discrete
motion, making phenomenological assumptions only
on the more basic level of single-particle dynamics.
Thus motivated, we define flip rates for the spins in a
one-dimensional model system, independent of the
state of the oscillator system. Internal thermal
equilibrium in the coupled system is ensured by
introducing into the oscillator system a retarded fric
tion, related to the spin correlation function through
a fluctuation-dissipation theorem. The resulting equa
tions of motion for the coupled system are exactly
solvable. Although our theory violates Onsager sym-
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Here the last term describes an Ising model where the
effective spin-spin interaction,

In the absence of external forces, the spins are con
stants of the motion. Each oscillator moves inde
pendently about a potential minimum defined by the
spin configuration.

(10)

-cr:.

=m- I J(q)S(q,t).

rates only to the limited extent that the spin distri·
bution function at equilibrium is required to be the
Boltzmann distribution determined by the effective
spin-spin interaction. The simplest choice of tran
sition rates for Sj which satisfy this requirement is
given previously by Glauber [6]:

Cl()

"j(s)=A. n {l-tsj(sj+/+Sj_ ,)tgh(2J ,/kT)}. (9)
'-I

5 denotes the total spin configuration immediately
before the flip. Sj tends to align itself parallel or
antiparallel to the pair of spins a distance I away,
according to whether J, is positive or negative. The
phenomenological constant A. is the flip rate at in
fmite temperature.
The fact that the spin flip rates are independent of the
state of the displaced oscillator system, means that
the coupled system does not exhibit Onsager sym
metry in the sense that the spin motion influences,
but is not influenced by the oscillator motion. The
non-negative value of ({Hj ) may be seen as a con
sequence of this. To ensure internal thermal equilib
rium in the coupled system, we introduce frictional
forces acting on the oscillators. This is done in a
purely phenomenological way, without proposing
any physical mechanism. The equation of motion (6)
is changed into a generalized Langevin equation [7,
8J:

,',
X(q, t) + J y(q, t - t') X(q, 1') dt' +w~ X(q, t)

(3)

(4)

(7)

(5)

(6)

In displaced oscillator coordinates,

X(q) = X(q) - J(q) S(q)/m w~

p(q)=P(q),

H = ~ {2~ P(q)p( -q)+tmw~X(q)X( -q)

-tJ(q)S(q)S( -q)}.

the Hamiltonian is rewritten as

J(q) = J(q) J( - q)/m w~,

is mediated through the oscillators [1,2].
The equations of motion corresponding to the for
mulations (2) and (4) of the Hamiltonian are, re
spectively:

X(q) +w~ X(q) = m-I J(q) S(q)

S(q)=O

and

X(q)+w~X(q)=O

S(q)=O.

Stochastic D)'namics

The efTect of thermal contact between the system and
a reservoir is simulated by a random spin flip process.
Each localized spin, Sj' performs instantaneous flips
between the values ± 1. During each flip an amount
of energy. AEj , is transferred from the reservoir to the
composite system.

where Sj is the value of Sj immediately before the flip.
The first term, which is the energy change of the
displaced oscillator system, generally depends on its
state. It can be demonstrated that the expectation
value ({u) is non-negative [5]. J'.-i) is the spatial
Fourier transform of J(q), representing the efTective
interaction between SJ and S•. The second term thus
is the change in configuration energy of the spin
system, and does not depend on the state of the
displaced oscillator system.
To render the spin dynamics of manageable com
plexity. we let the oscillators influence the spin flip

The retarded friction y(q, t - t') relates the frictional
forces at time t to the velocities at all earlier times. It
is required to satisfy the condition,

The spin term on the right-hand side of (10) acts as a
random force whose dynamics is governed by the flip
rates (9). Temporal Fourier transformation of (10)
yields the wavevector- and frequenc)' dependent sus
ceptibility of the oscillator system:

l[q.WJ =m- I {W~-W2 - i W}·[q. wJ} -I. (12)

At thermal equilibrium the symmetric part of )-[q,wJ
is related to the correlation function of the random
spin "noise" through a fluctuation-dissipation theo
rem of the second kind [7-9J:

. J(q)J( -q)
)' [q,WJ=2m2w~<X(q,0)X(-q,0»

(11)

(13)J (S(q, t)S( - q, 0» exp(i w t} dt.

j'(q, t)=O for all t <0.

Angular brackets denote thermal average.

(8)LlEj=<5E:j+2sj L J'._j)s.,
Hj
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The condition (ll) implies that y[q, w] is analytic in
the upper w-halfplane. Its antisymmetric part, y", is
thus for real w related to y' through the Kramers
Kronig relation, except for a series of odd poles at
the origin [10]:

y"[q,w] = -.!..p7)y'[q,~] d~+ f a"w-(2J1+ 1), (14)
7t -lI(; ~-w "so

Combining' equations (13-J5, 20, A.2) and adjusting
a" to satisfy condition (iii), we find the explicit ex
pression for y[q,w]:

[
• _ 2 K(8;q) { J i}

Y 8,q,w]-wo J +K(8;q) UIX(8;q)-iw ;'

(2J)

where we have written 8 explicitly as an argument.

These two conditions yield:

(X(q,O)X( -q,O)

= kT/m w~ + (S(q. 0) S( - q. 0) l(q) l( -q)/(m Wl)2. (20)

(iii) For zero spin flip rate, ).a: =0, y should vanish
identically.

expresses the change in relaxation rate caused by the
spin-spin interaction. The upper sign is for the fer
romagnetic, and the lower for the antiferromagnetic
case. A simple transformation between the two cases
is shown in the Appendix (A.3). and only the former
one is treated explicitly in this paper.

(ii) In thermal equilibrium the mean-square fluc
tuations of the displaced oscillators are given by the
principle of equipartition :

(X(q,O)X(-q,O)=kT/mw~. (18)

As the spin flip rates are independent of the state of
the displaced oscillator system. the two subsystems
must be uncorrelated at equilibrium:

(22)K(8; q)=(J +cos q){a:(8 ;q). 8· cosh 8- 1}-1

D" 0.5r------,r------,r---.---.---..----.,----.,----.----,

is proportional to the static spin correlation function.
Combination of (12, 2J) yields the osci]]ator suscepti
bility:

-m- l (w+i2;.IX)
X[8;q,w] = w 3 +i2J.IXW2-w~w- iw~2J.IX/(1 +K)'

_ (23)

The cubic equation determining the poles of 1. is
exactly solvable. One pole corresponds to a central
mode and the other two to damped, phonon-like
resonances. For those 8 and q which yield K =0,1. is
characteristic of an undamped harmonic oscillator of
fundamental frequency Wo' K determines the extent to
which the spin system influences the response of the
oscillators.
For certain combinations of e, q and ;. all three
poles are purely imaginary, corresponding to over
damping of the oscillator system (Fig. J). Plots of the
behavior of the poles as functions of 8 at the critical
wavevector q = 0, are shown in Figure 2. In the case
of intrinsically fast spin system, overdamping is pos
sible (Fig.2a). Within the region of overdamping the
branch describing purely imaginary poles bends back
over itself in S-shape, indicating the presence of three
purely relaxational timescales. This corresponds to a
low and wide central maximum in the fluctuation
spectrum. As seen from Figure J, overdamping only
can occur for small q and high I..

Fig. J. Regions of overdamping in the (B;q)-plane. The encom
passmg curve is the locus for K(B:ql=8. bounding the region
inside which overdamping is possible. Each -lOoth'- is the actual
region of overdamping for a specific free-spin nip rate. Above each
is given the corresponding value of 2n i.

(16)

(17)

(19)

is a dimensionless temperature and

lX(e; q) = J :t(tgh e -I)COS q

where P J is the Cauchy principal value of the
-<70

integral. The poles at the origin correspond to a part
of y(t) which does not vanish as t ...... 00. For complex
w, y" is defined by the resulting expression through
analytic continuation.
To obtain y[q,w] explicitly we must determine
(S(q, t) S( - q, 0) from the Glauber model, and
(X(q,O) X( -q,O) and the coefficients a" from suit
able physical arguments.

(i) If the effective spin-spin interaction is of the
nearest-neighbor type (see Appendix), the spin cor
relation function for the Glauber model with tran
sition rates defined by (9) can be found exactly [6,
1J]:

(S(q, t)S( -q,O)

= {(X(e;q)cosh e- I } -I exp( -2;.(X(e;q) Itl), (15)

where

(X(q, O)S( -q,O)=O.
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(26)

(28)

11 1(8;q)=2IJ 11 a(8;q)' 8· cosh 8-1.

T-
I (8;q)=i./IJ 118 cosh 8- 1.

Discussion

The thermodynamical treatments by Eeder [2], Pytte
[1, 2] and Yamada et al. [3] yield equations of
motion for the spin and oscillator expectation values:

d2

mdt 2 (X(q,t»+mco~ (X(q, t» = I(q) (S(q, t» (24)

d
T(e; q) dt (S(q, t» +(x1 1(8; q)+J(q»(S(q, t»

= l( -q)(X(q, t» (25a)
or equivalently:

d
T(e;q) dt (S(q, t» +X1 1(8;q)(S(q, t»

=1(-q)(X(q,t». (25b)

11 1 is the mverse static susceptibility of the Ising
model. For a one-dimensional system with nearest
neighbor interactions it is given explicitly,

The model shows pronounced phonon softening near
the critical point (8=0; q=O) ofthe one-dimensional
Glauber model. However, the minimal phonon
frequencies occur at temperatures above the spin
ordering temperature, 8 = O. This anomaly is a con
sequence of the requirement (iii), that the friction
should vanish identically for Aa=O.
In the slow spin case the fluctuation spectrum pos
sesses a sharp, approximately Lorentzian central
peak, while in the fast spin case the purely imaginary
pole lies too far below the real co-axis for the central
peak to be distinguishable, except at very low 8.

T(e; q) is an inverse phenomenological collective spin
relaxation rate. If the two treatments are to yield
identical results for the relaxation of (S(q, t» in the
case that (X(q) =0, we must require

T-
1(8; q) 11 1(8; q)= 2i. cx(8; q), (27)

which yields the relation

In contrast to the treatments [1-3]. our theory thus
yields a definite prediction for the e- and q
dependence of the collective relaxation rate of the spin
system, and thus for the friction. The q-dependence is
that of 11 1

•

The oscillator susceptibility derived from (24, 25, 28)
takes the general form (12), but with the friction term
[11]: .

_ 2 K { 1 i}
)'[8;q,co]=coo1 + K 2i.(l+K)cx-ico ~. (29)

j is identical to }" given by (21), except that the spin
flip rate i. 'J. is replaced by the larger quantity ;.(1

w
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+K) lX. Th'is does not cause any qualitative changes
in the behavior of the poles of the oscillator suscepti
bility. Both theories predict phonon softening slightly
above the spin ordering temperature. The main dif
ference is that the poles predicted by irreversible
thermodynamics lie somewhat further below the real
axis, causing wider peaks in the fluctuation spectrum.

The stochastic model developed here generally agrees
with treatments [1-3], but it yields more specific
predictions for the collective spin relaxation rate.
Thus it lends support to the assumption that phe
nomenological irreversible thermodynamics is indeed
applicable to spin-oscillator coupled systems.

-cosq=cos( ±n-q). (A.3)

Appendix

The matrix of localized spin-oscillator interaction
constants is denoted I. Equation (5) then becomes

mwp=II', (A.I)

where I' is the transpose of I, and J is the effective
spin-spin interaction matrix. For J to be of the
nearest neighbor type, 1 must be triangular, with non
zero elements exclusively on its main- and first super
or subdiagonals. The resulting model is one where
oscillators and spins are placed interchangeably; each
spin interacting only with the oscillators immediately
to its right and left.
If the spin system is coupled to the oscillator de
viation field, 11 = 10 = I, J is ferromagnetic. If the
coupling is to the oscillator strain field, 11 = - 10 =
- I, J is antiferromagnetic.
In reciprocal space,

I(q)I( -q)=21 2 (l ±cosq), (A.2)
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